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The torque exerted on a surface-stabilised ferroelectric liquid crystal cell in an electric field
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The hydrodynamic equations for surface-stabilised ferroelectric liquid crystal cells in the presence of an electric
field are calculated. The components of velocity are obtained. Then the torque exerted on the torsional oscillator
in which the cell is contained is obtained. We also determine the changes in the resonant frequency as a function

of the electric field.
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1. Introduction

Smectic liquid crystals are systems which are posi-
tionally disordered but reveal a long-range orienta-
tional order. This property is described on a
mesoscopic level by a unit vector field n(r), which is
called the director. The experimentally observed
rotation of smectic liquid crystal layers, under the
action of external electric fields, has attracted a
significant amount of interest. This unusual effect is
observed only in chiral smectic phases and is believed
to be rotated by the electroclinic effect (/, 2).

To the best of the authors’ knowledge, there have
been only a few papers published on the dynamics of
Sm-C" liquid crystals. Particle dispersion in liquid
crystals has been studied. The interactions between
liquid crystals and particle dispersions were investi-
gated in (3). Recently, the manipulation of colloidal
particles was studied in (4). The backflows in the
Goldstone mode dielectric response of chiral Sm—C"
has been studied by Carlsson (5). A Fredericks
transition due to the presence of the spontaneous
polarisation in Sm-C" has been predicted by
Zimmermann et al. (6). The possibility of inducing
a Fredericks transition in a wedge stability has been
discussed by Carlsson et al. (7). Zou et al. have
derived the flow-coupled switching equations for
surface-stabilised ferroelectric liquid crystal cell
(SSFLC) devices (8). Here, the dynamic equations
of SSFLCs are calculated and then the components
of velocity are derived. Finally, the torque exerted on
the cell in the presence of an electric field is
computed.

The aim of our paper is to present the calculation
of the torque exerted on a SSFLC in an electric field.
The outline of the paper is as follows. In section 2, we

obtain the total free energy and then discuss the
threshold field in which the Fredericks transition will
occur. In section 3, we calculate the dynamic
equations and obtain the components of velocity.
Finally, in section 4, we compute the torque exerted
on the cell.

2. Euler equations and the Fredericks transition

Consider a slab of ferroelectric liquid crystal (Sm—C")
inside a torsional oscillator, of width d, placed
in an electric field E. We assume that the orbital
texture is not affected by the flow associated with
the motion of the torsional oscillator. In this work,
we assume that the smectic layers consist of uniform
planes with a fixed orientation parallel to the x—y
plane (see Figure 1). We call a unit vector « normal
to the smectic layer. Each layer is normal to the
slab surfaces, thus a is parallel to the z-axis, (see
Figure 1). We assume that the system studied is
free from dislocation of constant layer thickness;
hence, the layer normal a must fulfill the constraint
(9, 10):

Vxa=0. (1)

The director field, n, makes an angle 6 with the
z-axis. The projection of the director field into
the smectic planes (x—y plane) is called a unit vector
¢ (c-director). In order to describe the orientation
of the c-director, we introduce azimuthal angle, ¢,
which is the angle between the c-director and the
X-axis:

c=(cos ¢, sin¢, 0). (2)
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Figure 1. The bookshelf geometry of a SSFLC cell.

Introducing a unit vector b according to

b=axe, (3)

this unit vector will coincide with the polarisation
vector (P=Pb). Without applying an external field, the
ground state has a homogeneous structure. At any
given field, E=—Fj, the stable equilibrium state can be
found by minimising the total free energy with respect
to variations in the c-director. In the one constant
approximation, and neglecting the dielectric coupling,
the total density of free energy is written as (5, 12)

2
f=§<%) + PEcos ¢. 4)

The first term comes from the Frank free energy,
whereas the last term comes from the electric field; Bis
the elastic constant and P is spontaneous electric
polarisation, which lies in the smectic planes perpen-
dicular to a and c.

At E=E_ the Fredericks transition will be induced
by forcing the polarisation to point downwards

everywhere except at the boundaries of the cell
(because of strong anchoring at the bounding plates).
The value of ¢(y) at the critical field can be found
by minimising the total free energy. By using the
Euler—Lagrange equation and small values of ¢(y),

we have
@) - o

The solution to (5) is
D) =dncos(57). (6)

where ¢,, is determined variationally.

Now, we calculate the threshold field from (5). By
performing the integrals of (5), from ¢=¢,, to $=0
and y=0 to y=d/2, the threshold field is given as

E.= g\/g. (7)
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To calculate ¢,,, we first calculate the total free
energy of the cell

BrPE [¢} ¢ (E.
F:dEC{64 4(E—1>+1}. (8)

The value of ¢,, can be found by minimising the total
free energy with respect to the amplitude ¢,, for a
fixed value of applied electric field E. This gives

¢I‘H = 0’ (9)

or

4 — 8(1—%), (10)

where the solution ¢,,=0 is for E<E.. It is obvious
that in this case, we do not have any texture in the
system.

3. The hydrodynamics equations of a narrow slab of
Sm-C" liquid crystal in a torsional oscillator

We now proceed by writing down the equations
governing the hydrodynamic behavior of the Sm—C"
phase. The basic mathematical formulation of these
equations has been derived by Leslie, Stewart and
Nakagawa (LSN) (9), and has been interpreted
further and reformulated by Zou et al. (8). The
LSN theory has 13 unknowns and, with 13 coupled
partial differential equations, is a complex system of
equations to solve without simplification. We use
some approximations which are explained in the
following.

We assume that the total density of fluid remains
constant during the oscillator motion. Then con-
servation of linear momentum requires that (/2)

P 0%

pvl 1 axi ax] >

(11)
where p is the density of liquid crystal, F; the sum of
external forces, p is the usual pressure and 7; is the
viscous part of stress tensor. We restrict our attention
to small tile angle 0. Thus, the dynamics equation
that arise from the angular momentum balance are
self-satisfied. The viscous part of the stress tensor, 7,7,
is most conveniently expressed as the sum of its
symmetrical, 7, and antisymmetrical, 7%, parts

2

Ty =T+ 1. (12)
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By introducing the following quantities

C1faw oy, Ao oy
D=3 <ax,- * ax,->’ Wi=3 (axj - ax,-)’

D =Dja;, Dj=Djc;,
Ai=a; — Wiar, Ci=¢é — Wicr,
we can write the viscous stress tensors as (9),
7; =uo D+ apD;’aiaj + (D?aj + D_?a,)
+HsepDycic + g (chj +D;ci)
+ ,usch; (a,-cj + ajc,-) +4 (Aiaj + Aja,-)
+ A (C,-cj + Cjc,-) +3¢,4, (a,-cj + ajci)
o (D?cj +Di¢i+ Dia +D_,‘fai) (14)
+10 [apD; (aicj+aje;) + ZaPD;a,-aj}
+ 13 [ch; (aici+aje;) + 2apD;c,-c]}
+11(Ciaj+ Ciai) + 12 (Aicj+ Ajc;)
+2t3¢,Apaia;+2t4c, A pcic,
and
7y =21 (D~ Dia;) + o (Dses— Dicy)
+ 236, D5 (aic; — a;¢;) + 24 (Aja;— Aa)

+ 25 (Cici— Cicy) + AscpAp (aic; —ajc;) 15)
+171 (D}lci — D?Cj) +1; (Dfa,- — D;Clj)

+130,D5 (aic;—ajei) + 46,5 (aic;—ajc;)

+15 (A/'C[—A[CJ-F C,ai— C,‘(lj),

where the 20 coefficients u;, A, k; 7; in the above
equations are the viscosity coefficients of the liquid
crystal. These coefficients can be classified as
belonging to one of four groups. The y, term relates
to isotropic part of stress tensor. The four terms
connected to the constant uy, up, 4; and 44 are present
in the Sm-A4" phase. The four terms involving the
coefficients A», As, usz and py relate to the nematic-like
phase. Finally, there are 11 terms associated with the
coefficients 13, d¢, Us, K1, K2, K3, T1, T2, T3, T4 and 7s.
These coefficients depend on the tilt angle 0. Keeping
the layer normal a unchanged and at the same time
changing the tilt angle 6 to —0 and ¢ to —c provides a
symmetric operation of the system. As a conse-
quence, the stress tensor must be invariant under this
operation. Thus, we should just keep u; and 4;
coefficients to retain the above symmetry operation
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in the system. It should be noted that the above
symmetry conditions reduce the theory to that of
materials having the symmetry of the classical smectic
C,r phase which was proposed and introduced by
McMillan (/7).

We now proceed to solve the hydrodynamic
equation of a narrow slab of Sm—C" in a torsional
oscillator with small oscillation amplitudes to obtain
the space and time dependence of the velocity field.
When studying the flow properties of the system, the
liquid crystal is considered to be incompressible and
the velocity field v is subjected to the constraint (/0)

Vov=0. (16)

The pressure, p, would be dependent on all x, y, z and
¢. However, when the cell is not sealed, then the
pressure will be released before it builds up. Therefore,
it is a good approximation to assume that p is y
dependent for an open edge cell. Thus p only shows
up on the y component of (11). As we mentioned
previously, the oscillation amplitudes are assumed to
be small. On the other hand, we neglect the possibility
of transportation of material between the smectic
layers, a.v=0; thus, the velocity field is parallel to the
smectic layers everywhere, that is, v.=0, so we assume
that the velocity field has the following form (/4)

v=[ve(y, 2)i+ vy (x, 2)j] €, (17)

where o is the oscillation frequency of the cell.
By using (17) in (13), the non-zero components of
the quantities are given as follows

Lovy %imﬁmfﬂ%}

dy = 0x
1 [0v, 1[ov v,
Dyz =Dzy = 5 [_}:| P Vny= - I/Vyx |:5_J: - a—;:|

1 [ov, vy
sz—_sz—z{E]a Wyz—_Wzy |:aZ:|

1 [Ovy P
x—zk;}l%—zk;}

D — [avv_'_&vy} ng, D= {6v\ 6\»}} cosg, (18)
Ox 2

¥ Jy Jy
Ay——%%, X——%[%—%}sin(p—vysmqﬁ%,
C,= [%—%]cosqﬁ—l—vycosqb%,

C.= -l—%% sqﬂ—i—%aa‘;ysin(/)

By inserting (14), (15), (17), and (18) into (11) we
obtain the following equations for the small angle

¢(»)

, vy 52 62vx
piows+pyy g, = gz b0+
d? 0y

+oc3vqu25+ oy J’¢+ 05—~

2
pl‘(uovy—f—pv\ avy_ M"‘O%M + oy OV} d¢( )

ox dy 0x?2 ox dy
v v,
v S ra S N60) (0)

vy ovedd(y)
Hm(@yz W) ay dv )

and

2
b+ e+ T

0x52

where the constants o; are defined in Appendix A.
These are the hydrodynamic motion equations of the
system.

As we mentioned previously, we are considering
the state of the smectic liquid crystal in a torsional
oscillator which is slightly deformed. On the basis of
this assumption and the symmetry of the problem, it
is possible to use the following approximation for the
velocity components and pressure

i L” m’ (22)

n=

[=}

3 0o @)
v.=0, (24)
}j P (25)

By inserting above equations into (19), (20), and (21),
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we have

o0
piwo Z Ln(y)M,z(Z)¢Z1
n=0

and

(26)

(27)
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The zero order terms of (26), (27), and (28) gives

piwoLo(y)Mo(z)+ pFo(x)Go(z) deOJEy) Mo(z)

(29)
=0 dzg})z(y) Mo(z)+asLo(y) %,
pion Fo(3)Go(2) + pLo(r) Mo () 0 Gy )

(30)
=— dp;)(}y) + g dzg;gx) Go(z) +osFo(x) ngoz(z)

It is clear that (28) does not have zero-order terms.
Owing to vanishing v., the boundary condition in
torsional oscillator at y=+d/2 is defined as

~

V=i, (31)

where w is an angular velocity of the liquid crystal in
the surfaces of the cell.

The right-hand side of (29) is a function of
variables y and z, whereas the left-hand side of it is a
function of all three variables x, y, and z. To
overcome this difficulty one assumes Fy(x)Gy(z)=
co=constant. By applying the boundary condition
(31) on ¢y we find that ¢ is zero. Thus, the zero-order
pressure is constant and the zero-order velocity is
along the x-axis:

F()(X)G()(Z)=O. (32)
By substituting (32) into (29), we may write

LdzLo(y) Ty 1 dzMo(Z)
Ly dy? SMo(z)  d?

o =piwy.  (33)

By wusing the boundary condition on My(z)
(My(z)=z), we have

A0)

vox(0, 2) = Lo(y) Mo(2) = ey

cosh(yy), (34)

where 1°= piwglay.
The first-order terms of (26) and (27) give

pico Ly (y)M(2)

+PF1(X) Gy (2) ——r

Zy .
cosh(yd/2) sinh(y) (35)
M, (2)

2

d’L
— A?Ua@+%u@>
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and
pianFi(x)Gi(z) + P#ﬁdﬂ)cos}l(?ﬁ dlz;)(cx) Gi(z)
=— dpclb(}y) + 06 d2§;§x) Gi(2)
+ogFy (x) dzgzlz(z) (36)
+ o0 W)Z/Z) cosh(yy)cos (g;;)

ZOYT

~ doosh(yd)2) sinh(yy)sin (gy)} ,

respectively, it is noted that the average of the fourth
and fifth terms of the right-hand side of (36) are zero,
that is,

/2
A10Z07Y T
Aoy h =
dcosh(yd/2) Jd/z {ycos (yy)cos(dy) (37)
T . . (T
— gsmh(yy)sm (gyﬂ dy=0.

The left-hand side of (36) is a function of all three
variables x, y, and z, whereas the right-hand side is
the function of variables x and z. To overcome this
difficulty, one may assume F;(x)G(z)=c;=constant.
By using the boundary condition, we find that the
velocity is along the x-axis. Thus, we have

Fi(x)G,(z)=0, (38)
and the first-order pressure is constant. By substitut-
ing (38) into (35), we may write

1 dle(y) 1 d2M1 (Z)
OCZL_I dy? _HXSMI(Z) dz?

=pimg.  (39)
By wusing the boundary condition on M(z),
(My(z)=z), we have

zZw

vie(y, 2)=Li(y)Mi(z) = WCOSMW)- (40)

Finally, by continuing this procedure, the velocity
field components may be written as

o0

Vx(ya Z): ZmCOSh(%}})(ﬁZﬂ (41)
n=0
vy(x, 2)=0. (42)

4. Calculation of the torque exerted on the slab and
resonance frequency

The torque exerted by the fluid on the oscillator is
defined by

r,= d J(zvx—xvz) dv. (43)

Pt

Furthermore, we define AI',=T",(¢)—1I",(0), which is
the variation in the exerted torque due to the
appearance of the texture. In the case of E<E,, we
do not have any texture; hence, AI',=0.

By inserting (40) into (43) and after straightfor-
ward calculations we have

pR*ndw yd\ <= ,,
Al = —tanh| — E 44
y ZV dt tan < 2 = ¢m’ ( )

where R is the radius of the oscillating slab. We also
write AI', in terms of dimensionless quantities Af
and Af; as (/4)

pR*ndw vd s
ATy = —tanh|{ — | (A A 4
T (2 (Afi+iAf2),  (45)

where Af; and Af, are related to the inertial and
dissipative effects, respectively. Here, we calculated
Af and Af, for the case in which yd is much smaller
than one. The amplitude of ¢,, is very small, hence

_pR'nddw
Al = R @, (46)
As is obvious, Af>=0 for this case and
EN\2
A =¢,,=2V2 (1 — f) : (47)

The motion equation of the oscillator is described by
(15)

I8+ |n+ %iampR“d(Afl +iAf2)] 34 c9=Tpe!, (48)

where [ is the moment of inertia of the empty
oscillator, ¢ is the torsion constant, and »n represents
damping from non-hydrodynamic sources. If the
change in resonant frequency, due to the fluid, is
small and if the quality factor of the oscillator is high,
it follows from (48) that the resonant frequency vy is
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given by (15)

B wop R AS

VR— Vo= a1

where
1 /e\1/2
=3 (7)

is the resonant frequency of the empty cell. As is
obvious, the resonant frequency of the torsional
oscillator is proportional to ¢,,, which is given in (6).
The torsional oscillator is another probe for detecting
the occurrence of the Fredericks transition in ferro-
electric liquid crystals.

The hydrodynamic equations of a thin cell of Sm—
C" in the presence of electric field have been solved.
The components of the velocity field have also been
obtained in (41) and (42). In our previous work (/6),
we calculated the hydrodynamic equation of nematic
liquid crystals in a magnetic field, H. In that work, we
obtained the resonant frequency that was propor-
tional to ¢2,, whereas here we have obtained the
resonant frequency proportional to ¢,,. This differ-
ence comes from the fact that in nematic liquid
crystals the free energy is proportional to (ﬁ~H)2,
while in ferroelectric liquid crystals the free energy is
proportional to P-E.
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Appendix A

In this appendix we introduce the 10 coefficients o, as
follows:

1
0‘1=5[H3+M4+12], (A1)
1
oy = 5 [0+ ta +272 + As], (A2)
1.,
o= A lia ), (A3)

1
04 = 5[/104—/15 +2/p— A3+ A5+ el (A4)

1
0€5=§[N0+ﬂ2+ﬂ4+/15—27~1

(A5)
+240 =243+ A4+ A5 —l—id,
1
og = 5 [,uo + 1y =22+ }v5], (A6)
o7 = Mz — /15], (A7)
og =1 — 1], (A8)

1 , s
m:E[H4+M5+2,12—2A3+A5+/16L (A9)

o0 = [ty — 2. (A10)

Some of these coefficients has been introduced before
(17); for example, measurements for As are available
and so are combinations (/8). They are compared
with data results in (19).



